Introduction
The theory of Bergman spaces is connected to the theory of reproducing kernels (see [3, 4, 5] ). The theory of reproducing kernels related to harmonic Bergman space is considered for example in [7] for the special case of the unit ball, or for the case of smooth bounded domains in [6] , and in their references. The theory of reproducing kernels on Hilbert spaces is not new, and it can be found in [1] or elsewhere. In this paper we introduce a new reproducing kernel on the Hilbert space whose definition is closely related to harmonic Bergman space on domains outside compact sets, and we obtain its useful properties. The theory of domains outside a compact set can now be considered in the framework of this space and the new reproducing kernel introduced in this paper. 1
Definition of A p (Ω\K) and its properties
Let Ω be an open subset of the Euclidean space R n and K ⊂ Ω a compact set. For 1 ≤ p < ∞ , the harmonic Bergman space b p (Ω) is the set of all harmonic functions on Ω that belong to L p (Ω) . In [2] we can find the following decomposition theorem. In [8] , an analogous result was proven for solutions of parabolic equations. In this paper we consider the set
and the condition on w at infinity remains the same (i.e. stronger conditions than those given in the previous theorem 
With this norm, A p (Ω\K) becomes a normed space. We will now prove that this is a Banach space and that b p (Ω) is its closed subspace.
Proof The result follows from the following inequalities:
Proof The proof follows immediately from Lemma 1, the fact that
, and from Propo-
Proof The assertion follows directly from the fact that lim
Proof Let (u m ) be a Cauchy sequence in A p (Ω\K). From Lemma 1 it follows that (u m ) is a Cauchy sequence
where
. This implies that A p (Ω\K) is a Banach space, and so the theorem is proven. 2
Proof Let u ∈ b p (Ω) be arbitrarily chosen. Then u = v+w , where v = u on Ω and w = 0 on R n \K . The condition at infinity on w is obviously satisfied. Thus, u ∈ A p (Ω\K) and ∥u∥
, which proves this lemma.
2
Proof
The previous lemma implies that the topology on b p (Ω) is the same as subspace topology from A p (Ω\K). Because a subspace of a complete metric space is complete if and only if it is closed in subspace topology, it follows that
Proof Lemma 2 and the definition of A p (Ω\K) imply that it is sufficient to prove that V ∩ W = {0} . Let u ∈ V ∩ W be arbitrarily chosen. There exists v ∈ b p (Ω) such that u (x) = v (x) for all x ∈ Ω\K. Also, there exists w ∈ b p (R n \K) such that u (x) = w (x) for all x ∈ Ω\K. So, v (x) = w (x) for all x ∈ Ω\K. Let us define the function
The defined function ψ (x) is harmonic on R n and [2] ). It follows that v = 0 on Ω and w = 0 on R n \K . So, V ∩ W = {0} . The proof follows. 2
Proof The proof will be done in 2 parts. "
. Therefore, we have that u ∈ A p (Ω\K) . Additionally,
, so this part is done.
The decomposition theorem for harmonic functions and the fact that
, and
follows that w ∈ L p (R n \K ′ ), so the second part and hence the lemma are proven. 2 
Corollary 1 If
A p (Ω\K) = b p (Ω\K), then A p (Ω ′ \K ′ ) = b p (Ω ′ \K ′ ), for every K ′ ⊆ K and Ω ′ ⊇ Ω.
Corollary 2 If
for all x, y ∈ Ω\K.
3. S Ω\K (x, y) = S Ω\K (y, x) for all x, y ∈ Ω\K. 
∥S
and claim 2. follows. 4.
The following lemma can be found in [2] .
. is an increasing sequence of open subsets of R
n , and
Proof By Lemma 5 we have
for every x, y ∈ Ω\K and the theorem is proven. [8] ).
